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Abstract

We consider a fundamental question of Galois theory: how to express the roots of an
irreducible polynomial f, deg(f) > 4 in terms of elements of the ground field by rational
operations and radicals. In general, expressing the roots of f in terms of radicals is impos-
sible when deg(f) > 4. By Galois theory, however, we can test whether f is solvable by
checking solvability of its Galois group. We will give a practical method for constructing
a radical expression of the roots of f, when f is solvable, and report its experiment on a
real computer.

1 Introduction

Our purpose is to express the roots of a polynomial f(z) over the field Q of rational
numbers in terms of radicals. For this purpose we present a systematic method, consisting
of the following three parts derived quite naturally by Galois theory: (a) construction
of the Galois group Gy of f as a permutation group, (b) determining solvability of Gy
and construction of its composition series, (c) expressing the roots in terms of radicals
for solvable cases. Without loss of generality, we assume that f(z) is irreducible over Q.
This work shall provide a first springboard to further discussion and research along this
direction.

In order to construct the radical representation of roots of f, it is necessary to obtain
the Galois group Gy as a permutation group on all roots. As for (a), we employ the direct
computation of the Galois group Gy proposed in Anai et al. [I], where “direct computation”

means to obtain a concrete representation of Gy as a permutation group on the roots of
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f. We note that we can also employ the technique p-adic approach described in Yokoyama
[26] which seems work very efficiently. For (b), we do not propose new algorithms since
this part is not dominant in the whole procedure. Here we can use existing algorithms
for group theory, see [21], [3] and [12]. Thus the first two parts have been solved and the

remaining problem is how to execute (¢) which we focus on.

Remark 1

For the Galois group computations there is an approach using classification tables of all
transitive subgroups in the symmetric groups (see the recent survey in Hulpke [14]). For
the solvability of a polynomial, there is a special algorithm by Landau & Miller [15] and its
improvement by Yokoyama et al. [28]. Since these methods do not satisfy our requirement
as they are, we do not employ them. However, to improve the efficiency of our proposed
method, techniques used in their approach are useful. In particular, the direct method

employed for (a) can be improved by p-adic technique in [26].

We shall deal with a solvable polynomial f only, since we assume that (a), (b) are
resolved. So, the Galois group G is solvable and a composition series is already computed.
By the Galois correspondence, there exists a subfield tower where every successive extension
is a cyclic extension. Once a primitive element is expressed by radicals for each extension in
the subfield tower, we obtain radical representations of roots of f. We pay special attention

to the followings:

(c-1) Subfield computation: Methods in rather general setting are known, see Lazard
& Valibouze [I6], Dixon [8]. For our purpose, however, we utilize the speciality of the
problem: We already know a composition series of Gy as permutation groups on the roots
and a fixed primitive element 3 of the splitting field Ky. We present a method to obtain
a corresponding subfield by using the polynomial associated with the orbit of a subgroup
containing (3. Several authors has presented some more specified methods to construct an

intermediate field aiming at efficiency (see [13][I7]).

(c-2) Radical representation of cyclic extensions: We provide an abstract proce-
dure based on the Lagrange resolvent and devise concrete algorithms in order to make the
abstract procedure practicable based on elimination ideal computation which can be effi-
ciently executed by basis-conversion in Grobner basis algorithms. (See Remark [2 for the

reason why we introduce these notions. )

(c-3) Combining (c-1) and (c-2): To obtain radical representation of a root of f(x),
we have to combine algorithms presented in (c-1) and (c-2) adequately. This combination

is achieved through the representation of the splitting field.

Since exact complexity analysis has not been done for the direct method employed for
(a), we do not discuss complexity of our proposed method. Instead, efficiency of these

methods is examined by experiments. We have implemented all algorithms mentioned
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in this paper on a computer algebra system Risa/Asir [I§] and computed a number of
examples. Their performance and detailed results are listed in appendices. This shows
that computing radical representation is practicable for polynomials whose splitting fields

and Galois groups are computed by the direct method.
Remark 2

A different approach for computation of a radical representation is shown in Sturmfels
[22] based on invariant theory of finite groups. In his approach, the Galois group Gy is
also computed as a permutation group on the roots beforehand and each root is assigned
to an indeterminate. (We denote them by X.) After computing invariants of Gy in the
polynomial ring Q[X], the splitting field is computed by decomposition of the computed
ideal, where factorization of polynomials is required. Then, a sequence of radical repre-
sentation of elements invariant by subgroups in the composition series is computed, from
which a sequence of radical representations of primitive elements of subfields is obtained
by substitution.

Under an assumption that Gy is already known, his approach is applicable, and for
another polynomial whose Galois group is permutationally isomorphic to G ¢, we can use the
same sequence of radical representations of invariant elements. So it might be an efficient
complete procedure by combining with table-based methods in Remark [l Comparison
between our approach and Sturmfels’ approach in both theory and practice should be our

next work.

This paper is organized as follows. In §2 we sketch the mathematical basis. In §3]
we give an outline of the whole procedure, and in §] we present a procedure for finding
subfields. In 5 we present procedures for radical representations of cyclic extension fields.
In §6l we give a precise discussion on the whole procedure. In §fl we report our experiment
on actual computation. Finally, in §8, we give our conclusion. In Appendix A, we list

bench-marks for the method and in Appendix B, we list some results.

2 Mathematical Background

Here, we provide necessary notions and definitions of mathematical basis for radical

representation of roots of polynomials. See van der Waerden [25].

2.1 What is radical representation

Let K be the field Q of rational numbers or its extension. For an algebraic element
«a over K, if o is expressed in terms of the elements of the ground field K by rational
operations and radicals, we call the expression a radical representation of o over K. For

example, (1-+/—3)/2 is a radical representation of a primitive 6-th root of unity. But, v/1
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also gives a radical representation. (See [25].) From this, we recognize that there are two

types for radical representation. We list up points.

(1) An algebraic element is defined as a root of an irreducible polynomial over the ground
field K. This polynomial is called the minimal polynomial of the element. Two algebraic

elements are algebraic conjugate over K if and only if their minimal polynomials coincide.

(2) In general, *%/a is not a single valued function. So the radical representation may

present other elements if choice of the radicals appearing in it are changed.

(3) It is very preferable that a radical representation of an algebraic element is to present
its algebraic conjugate for any choice of the radicals appearing in the representation. (If a

radical appears twice or more, it is assigned the same value for each time.)

If a radical representation satisfies the property described in (3), we call it a strong radical

representation. Then (1 4+/—3)/2 is a strong radical representation, but /1 is not.

(4) For an irreducible polynomial f(z) over Q, every its root has a strong radical repre-
sentation if and only if the Galois group of f is solvable. By using the action of its Galois
group, if one root of f has a strong radical representation, every root is also represented

by the representation.

Hence, our target here is to compute a strong radical representation of one root for a given

irreducible polynomial with solvable Galois group.

2.2 Galois theory

We briefly survey how a root of a solvable polynomial is represented in terms of radicals.
Fix a monic irreducible polynomial f(x) over Q. Then, its Galois group G is solvable if

and only if the following subgroup tower, called a composition series, exists:
Gr=GoDG1 D DGr1 DG, =1,

where G; is a normal subgroup of G;_; and G;_1/G; is a cyclic group with prime order p;
for each i. We assume that such a tower exists. By the Galois correspondence, there is a
subfield tower

Q=KoCKyC---CK,_1 CK, =Ky,

where Ky is the splitting field of f and K; is the field consisting of all elements in K fixed
by G;. Then Kj; is a cyclic extension of K;_; and its extension degree [K; : K;_1] is equal
to p;. Since K;/K;_1 is a finite extension, there is a primitive element 3; in K; over K; 1
such that K; = K;_1(8;).

If all primitive elements §; are expressed by radicals, then all roots of f are also ex-

pressed by radicals. The solvability of Gy, therefore, means that all primitive elements
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in the subfield tower can be expressed by radicals. The following describes the details for
each extension K;/K, ;. Here, we denote a primitive p;-th root of unity by ¢,,.

Let L;—1 = K;—1({p,) and L; = K;((p,). Then, there exists a primitive element j; of
L; such that 87" belongs to L;_q. That is, §; is the p;-th root of an element 5.
Since every p-th root of unity for a prime p can be represented by radicals over Q, once (;
is represented by radicals, §;41 is also represented by radicals. Consequently, the primitive
element of K, is represented by radicals and all roots of f over K, are represented by
radicals. Thus, the problem of radical representation of polynomial roots is reduced to the

problem of radical representation of cyclic extension fields.

2.3 Radical representations of cyclic extensions

To express a cyclic extension by radicals, we give a standard method, found in text-
books, based on Lagrange resolvent. Consider a cyclic extension K(3)/K appearing the
subfield tower. Let n = [K(f) : K] and o a generator of its Galois group. For radical
representation of § over K, what we need is an element v in K() such that v is also a
primitive element and " belongs to K. The Lagrange resolvent gives an “efficiently com-
putable” primitive element. For simplicity, we assume that the ground field K contains a

primitive n-th root of unity. Then the following well-known proposition holds:

Proposition 1

There is an element a in K such that ™ — a is K-irreducible and K () = K(f) for any
its root y. Moreover, for a non-zero element v in K(3), K(v) = K(8) and v € K if and
only if o(y) = v( for some primitive n-th root ¢ of unity.

For the given primitive element 3, we form the Lagrange resolvent

w(B,0) = Bo+CPr+ -+ Baa, (1)
where ¢ is an n-th root of unity (not necessarily primitive) and 8, = ¢¥(3). Then,
o(u(B,0)) =P+ P+ + "Bt + (" o = ¢ Hu(B, Q). (2)

Then o(u(8,¢()™) = u(0,¢)™ and so u(f,()™ € K. Moreover, if there is a primitive n-th
root of unity ¢ such that w(3,¢) # 0, then w(8,() is a primitive element of K(3)/K.
Because, (! is also a primitive n-th root of unity. And there exists such a primitive n-th
root ¢ when n is prime. (See Remark Bl) Thus, in this case, there is a polynomial P(z)
over K such that P(u(3,¢)) = 8. From this, we obtain a radical representation of (.

Another popular representation utilizes Lagrange resolvents u(3, ¢) for all n-th roots (.
By multiplying (=" to Equation (Il) and computing summation for all n-th root of unity
¢, we have

> u(B,¢) =np. (3)

¢
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Thus, if we know every u(0,(), we can express (8 as the sum of u(3,()’s, all of which are

n-th roots of elements in K.

Remark 3

(1) Since the automorphisms, identity, o, ...,o" 1, are linearly independent, for each n-th
root ¢ of unity, there is an element v in K () such that u(v,() # 0.

(2) For the fixed primitive element 3, Equation [B]) implies that there is an n-th root of
unity such that w(8,() # 0. Thus, if n is prime, there is a primitive n-th root ¢ of unity

such that u(f8, () # 0. Because every non-trivial n-th roots of unity is primitive.

2.4 Finding necessary algebraic relations by Grobner basis tech-

niques

In our method, every algebraic number is represented as an element of a certain residue
class ring obtained by factoring a polynomial ring Q[z1, . . ., z,] by its ideal Z, where certain
algebraic numbers, say ~v1,...,7,, are assigned to variables z1, ..., z, respectively. Then,
every arithmetic operation is executed over the residue class ring Q[z1,...,z,|/Z. For
arithmetics over the residue class ring, the techniques of Grobner basis and its applications
are very useful. We give a brief explanation on a useful technique elimination by basis-
conversion. (See Buchberger[5], Cox et al.[7] and Becker and Weispfenning[4].)

Assume that algebraic numbers v1,...,~, are given. We assign variables x1,...,z, to
these. Letting Z be the maximal ideal consisting of all polynomials having (v1,...,7,) as
their zero, we have Q(v1,...,v,) = Q[X]/Z, where X = {z1,...,x,}. Conversely, when a
maximal ideal 7 is given, algebraic numbers 71, ..., which satisfy all polynomials in Z
are determined up to their conjugates by the Galois group of the Galois closure Q.

Since Z is maximal, with respect to the lexicographic order z; < ... < x,, its reduced
Grobner basis becomes {f1(x1), fo(x1,22), ..., fr(z1,...,2,)}, where each f; is a polyno-
mial in x1,...,2; over Q and it is monic with respect to x;. Then f;(y1,...,vi—1,2;) is
the minimal polynomial of ; over Q(v1,...,7v;—1). Thus, by changing the variable order,
we can compute the minimal algebraic relation among specified algebraic numbers. This
technique is related to elimination ideal computation and it can be executed efficiently by
basis-conversion technique. In the basis-conversion technique, once one has a Grobner basis
of the ideal 7 with respect to some order, one can compute another Grébner basis of 7 with

respect to one’s desired order merely by solving a system of linear equations (see [11]).

Remark 4

For finding “certain” minimal algebraic relations among specified algebraic numbers, it
might seem inadequate to introduce the notion “elimination ideal computation” and use
the full computation of Grébner bases. When we compute algbraic relations at each step

in the computation of radical representation, in many cases, we can guess their shapes,
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i.e. we know all possible terms which may appear in the relation. And all such terms
are expressed by vectors over Q, since the linear basis of the residue class ring Q[X]/T is
computed by the Grébner basis of Z. (In our setting, we are given a Grébner basis of T
with respect to a certain order <. ) Thus, we can compute necessary algebraic relations
by solving systems of linear equations derived from vector representation of possible terms.
This is the “principle” of basis-conversion technique, and to simply the description of
our algorithm, we use the notion of elimination ideal computation and basis-conversion.
Becasue, we can avoid unnecessary computation by stopping the basis-conversion when we

obtain every necessary elements.

For example, if we already know that an algebraic number ~;, can be expressed as
a polynomial P in ~v;,...,7;, over Q, that is, z;, — P(%;,,...,2;,) belongs to Z. With
respect to the lexicographical order z;, < ... < z; < x;, < ..., the reduced Grobner basis
G contains ¢1(xi,), -+ gs(Tiyy - -y i)y Gsp1(Xiyy - ooy Tigy Tig). Since Ty — P(xiy, ..., x;,)

is reduced to 0 by M-reduction with respect to G, x;, — P(xs,, ..., x;,.) is reduced by gs1.

This implies that gsy; is linear with respect to z;,, i.e. gs41 = xiy — Q(4y,...,2;,) for
some polynomial ). This is a polynomial expression of v;, in v;,,...,7vi..
To extract algebraic relations between fixed elements v, ,vi,,...,%., We may use an-

other order. In many cases, employing the following block order improves the efficiency.
Let <1, <2 be admissible orders on the set T; of terms generated by U = {z;,,...,2;.}

and that Ty of terms generated by X \ U, respectively. For two terms t = tito, t' = t}t}

such that ¢;,¢; belongs to T;, t <t is defined by (ta <2 t5) or (t2 = t5 and ¢; <1 t]). We

write U << X \ U. The following gives a theoretical base for the argument above.

Proposition 2
Let < be the above block order and G a Grobner basis of T with respect to <. Then,
G NQ[U] is a Grébner basis of T N QU].

For an ideal Z of Q[X], the ideal Z N Q[U] is called the elimination ideal of Z. Thus,
Proposition 2 gives the concrete procedure for computation of elimination ideal. For general

notions and algorithms concerning with Grébener basis, see text books [7] and [4].

3 Outline of the Whole Procedure

Here, we give an outline of the whole procedure. We consider a monic irreducible

polynomial f(z) of degree n in the following situation:

Context: We have already computed the splitting field K; of f and its Galois group Gy.
Then K is represented by Q[y1,...,yn]/J, where J is a maximal ideal called the defining
ideal of Ky. Each root a; of f(z), i = 1,...,n, is represented by a variable y;, and Gy

is represented as a permutation group on yi,...,y,. Actually Gy is obtained by a set of
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generators called a strong generating set. The defining ideal 7 is generated by the defining
polynomials f1(y1) = f(y1), fo(y1,y2)s--, fu(y1,-..,yn) such that each f; is monic and
irreducible with respect to y; over the extension field Q[y1,...,vi—1]/Id(f1, ..., fi_1),
where Id(A) denotes the ideal generated by A. The set {fi,..., f,} forms a (reduced)
Grobner basis of J with respect to the lexicographic order y; < y2 < ... < y,,. A primitive
element 3 of Ky over Q is also computed as a linear sum of roots, i.e. § = aja1+-- +ana,
for a; € Q. By [1] there is an integer ¢, called the length, such that Ky = Q(au,..., o).

Then, for a primitive element 3, we can set agy; =+ = a, = 0.
An outline of the flow of the whole computation is as follows:

GENERAL PROCEDURE OF RADICAL REPRESENTATION

Input: f(z), G, Ky, 8. (i.e. the output of the direct method in [1])
Output: radical representation of the roots of f.

Restriction: f is solvable. (irreducible, monic)

1. Find the subgroup tower (composition series) of G.
2. Find the corresponding subfield tower.

3. Compute the radical representation of each cyclic extension.

3.1 Subgroups and solvability

We comment on the computation of subgroups of Gy briefly. Here, we employ the
existing method using strong generators, see Butler [6], Furst et al [12]. Now, a strong
generating set S = {s1,...,s:} of Gy is given and each element s; in S is expressed as a
permutation on the roots. The commutator subgroup [G¢, G¢] of G is the normal closure

of a group generated by commutators [s;, s;] = si_lsj_lsisj for 1 <i,j <t:

Gy, Gyl = ([sins5] | 1 < j <)

The strong generating set Sy of [Gf, G| is computed by the normal closure computation
(see also [12]). Thus, we obtain the following subgroup tower by repeating computation of

commutator subgroups: (G > G’ implies that G’ is normal in G.)
Gf = Go >G = [Go,Go] > Gy = [Gl,Gl] >-->G.= [Gr—laGr—l]

Once the sequence of commutator subgroups is obtained, we can also determine the solv-
ability of Gy immediately by checking whether G, = 1 or not. The sequence of commutator
subgroups is a normal chain and each G;_1/G; is abelian. From the normal chain, a com-
position series is computed easily. As the computation of subgroups is not a dominant
step in the whole procedure, we do not consider a new method. We should examine which

method is suited for practical computation.
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3.2 Subfields

We present a method for constructing a subfield tower. From now on, we only consider
the solvable case. Thus we already know a composition series Go = G¢,G1,...,G, = 1.

Let B; be the orbit of G; containing the fixed primitive element 8 of K over Q, i.e.
B;, = {o(p) | o € G;}. Since ( is a primitive element, By is the set of all conjugates of
in Ky and G acts on By regularly. From this, we have |B;| = |G;| = [K[ : K;].

Definition 3
For a finite set B in Ky, we define the polynomial fp corresponding to B by

fB == H(l‘—b)

beB

We call the field obtained by adjoining all coefficients of fp to Q the field corresponding
to B and denote it by K. Then Kp is a subfield of K.

Lemma 4
For each orbit B;, the subfield Kp, coincides with K;.

Proof First we show K; O Kp,. Since each coefficient of fp, is a symmetric function
in elements in B, it is fixed by G;. By the Galois correspondence, this implies K; O Kp,.
Next we show Kp, = K;. As ( belongs to B;, fp,(8) = 0. Since deg(fp,) = |Bi| = |G/,
[K;: Kp,) <|G;| = [K; : K;]. Since Kp, C K;, we obtain [K; : Kp,] = [K; : K;] and
hence K; = Kp,. ]

Lemma [ corresponds to Lemma 1 in [16]. Since [K;_; : K;] is prime, K; is maximal in
K;_1. By this fact and [27], we have:

Corollary 5

(1) Among all coefficients of fp,, there is a primitive element of K; over K;_,. Moreover,
any coefficient of fp, not belonging to K;_; is a primitive element of K; over K;_;.

(2) There is a primitive element of K; over Q among Q-linear sums of coefficients of fg,,
in particular, among the fg,(a) for distinct (|B;| — 1)|K; : Q| elements a of Q.

(3) Assume that 5;_ is a primitive element of K;_1 over Q and [’ is that of K; over K;_;.
Then, there is a primitive element of K; over Q among ;_1 + af’ for |K; : Q| distinct

elements a of Q.

Definition 6
We call a primitive element of K; over K;_1 a relative primitive element. And, we call a
primitive element of K; over K; 1 an absolutely primitive element, if it is also a primitive

element of K; over Q.

Now fp, =« — 3 and [ is the last primitive element of K, over K,_;. Meanwhile, for

the last relative primitive element of K, over K, 1, we can choose some root «;.



62 o000 0 900 10 2002

Lemma 7
Among all roots ai,...,ay, there is a relative primitive element of K,. (In particular,
among roots aq, . . ., ay, there is a relative primitive element of K,..) If G,._1 Is a normal

subgroup of Gy, then every root «; is a relative primitive element of K.

Proof Since K, is the splitting field of f, any proper subfields do not contain all roots
of f. From this, there is a root, say «;, of f which does not belong to K,_1, and since
there is no proper subfield between K,_; and K, K,_1(®;) = K,.. Moreover if Go>G,_1,
then K,_; is a Galois extension over Q. From this, if K,_; contains some root «;, then

K,._1 contains every conjugate of ; and this implies a contradiction. ]

Definition 8

There is a case where one root of f belongs o a proper subfield K;, i < r. We call this
contractible case and call such a root a contractible root and such a subfield a contracting
subfield. Of course, the contractibility of each root depends on the choice of a composition

series of the Galois group.

Since [ is a linear sum of roots and G; is represented as a concrete permutation group
on the roots, elements of B; are computed as polynomials in 1, ...,y, modulo J and
coefficients of fp, are also computed as polynomials in y1,...,y, modulo J.

Now, we present an abstract procedure for computing subfields by relative primitive
elements. We assume that Ki,..., K; are already computed, that is, primitive elements
01, ..., 0; are already computed. Then, we compute a primitive element ;11 of K;;1. By

Corollary [l (1) or Lemma [, we choose (3;4; from all coefficients of fp,,, or roots of f.

i+1
Finding such an element is reduced to determining a certain algebraic relation between
01, ..,0; and each candidate. Determination of algebraic relations is easily computed by

Grobner basis algorithms in §2.41 We will give a further discussion later.

Procedure NEXT RELATIVE PRIMITIVE ELEMENT

Input: G141, 8, B1,..., 0.
Output: §i11, mir1(Br,. .., 0, ).

1. Compute the polynomial fg

.1 corresponding to Bj1.
2. Find a coefficient ¢ not belonging to K; among all coefficients of fp, ;.
(When ¢ = r — 1, we can replace the steps 1, 2 with the following step 1'.
1. Find a root ¢ not belonging to K,_; among all roots of f(x).)
3. Find the minimal polynomial of c over K; as an algebraic relation between 31,...,3;

and ¢ with smallest exponent d (=p;11) such that

A tag1(Br,...,8)c + - Fag(By,....0) =0,

where ag, ...,aq_1 are polynomials in 31,...,3; over Q.
4. Return c as By and 2% +ag_129  + -+ +ag as mi1 (B, ..., Bi, ).
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Remark 5

We can also compute a sequence of absolutely primitive elements of K;’s by using facts in
Corollary[H and algorithms in [27]. In this paper, we use relative primitive elements, because
they are superior to absolutely primitive elements in terms of practical computation. See
§7.2.

3.3 Radical representations of cyclic extension

By §212, we have the following abstract procedure for radical representations of cyclic

extensions with prime extension degree:

Procedure RADICAL REPRESENTATION OF CYCLIC EXTENSIONS

Input: the minimal polynomial m(z) of a primitive element « of a cyclic extension
field L with prime extension degree p over K, and the minimal polynomial

g(y) of a primitive p-th root of unity ¢ over K.
Output: a radical representation of v over K. (v, ( are assigned to z,y, respectively.)

Assumption: a primitive p-th root of unity ( is represented by radicals and it
gives a non-zero Lagrange resolvent.
Construct a non-zero Lagrange resolvent u(z,y) and let h(z,y,2) = z — u(z,y).
Represent z as a polynomial P(y, z) from m(z), g(y), h(z,y, 2).
Compute 2P and reduce it by m(x) and ¢(y) to a polynomial R in KJy].
Replace z in P(y, z) with {/R and replace y in P(y, z) with its radical representation.
Return P.

SA-E o

Since [K(C) : K] < [K(y) : K], [K(v) : K] and [K(¢) : K] are mutually prime. Therefore,
K (v) and K(¢) are linearly disjoint over K and so K(v,() & K|z, y]/Id(f(x), g(y)).

To execute the above algorithm efficiently, the most expensive part is to express x as a
polynomial in y and z. We obtain P(y, z) by computing algebraic relation among x,y and

z from m(z), g(y) and h(z,y, z) as described in §6l

3.4 The radical representation of a primitive root of unity

In computing radical representations, a primitive p-th root of unity must be expressed
by radicals beforehand. A radical representation of a primitive n-th root of unity ¢, for a
positive integer n is also obtained by the method using Lagrange resolvent, see [2]. The
extension field obtained by adjoining (,, is an abelian extension with degree smaller than
n and so if we know the radical representation of a primitive m-th root (., of unity for
any positive integer m smaller than n, we can represent (, by radicals. Thus, radical
representation of (, is reduced to the case of smaller degree. Moreover, suppose that

n = pi'--- p¢r. Then, (, is expressed by (, = Cp‘;lcp;2 -+ Cper and so if the radical
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representation of each primitive pi‘-th root of unity Cpfq‘, is known, we are able to represent
(n in terms of radicals. By repeating these reductions, the radical representation of a
primitive n-th root of unity is reduced to the case of smaller prime.

As for strong radical representation, we note the following. By the theory of cyclotomic
fields, if », m are mutually prime, then Q(¢,) and Q((,,) are linearly disjoint over Q and

CnCm is a primitive nm-th root of unity. From this fact, we have the following.

Lemma 9
Let n,m be mutually prime positive integers. The product of strong radical representations

of (,, and (,, gives a strong radical representation of Cp,.

4 Subfield Computation

Now, we present a concrete method for constructing the subfield tower discussed roughly
in §3.2. Assume the context of §3

Remark 6
We can omit the redundant variables yyy1, ..., yn, where £ is the length of the representa-
tion of K¢. Because each root cgy;, 1 <1, is expressed by a polynomial in y1,...,ye over
Q (see [1]).

From now on, we denote y1,...,Yn OT Y1,...,Y¢ by y1,...,y and set Y = {y1,...,y:}. If
we use the above improvement, then ¢ = ¢ and J = Id(fi,..., f¢), and otherwise, t = n

and J = Id(f1,..., fn)-

4.1 Finding subfields

Our target is the subfield tower Ky, ..., K, corresponding to the composition series
Go,...,Gy. First, for each 7, 1 < ¢ < r — 1, we compute the orbit B; of G; containing
the fixed primitive element 3, and its corresponding polynomial fp,. By Corollary [ (1),
we have only to find a coefficient of fp, not belonging to K;_; as a primitive element of
K;. Also, by Lemma [ we can find a primitive element of K, over K,_; among roots
ai, . ..,q¢. Procedure NEXT RELATIVE PRIMITIVE ELEMENT gives an abstract procedure
for it. Thus, we concentrate on how to find a desired element, a coeflicient of fp, or a root

o, under the following setting.

Setting: Assume that relative primitive elements 31, - - -, 8;_1 are already computed, where
each @;, j = 1,...,i — 1, is represented by a polynomial in Y over Q. The minimal
polynomial m;(51, ..., Bi—1,x) of 8; over K;_ is also computed for j =1,...,i— 1.

Choose a candidate v, a coeflicient of fp, or a root «;, if ¢ = r, for some j. Then, we can

determine whether + is a primitive element of K; over K;_1 as follows. By elimination ideal
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computation, we can compute algebraic dependency. Let uq,...,u;_1,v be new variables

assigned to (31,...,3i_1,7, respectively. That is,
uj—fBj(Y)=0for j=1,---,i—lTand v —(Y) = 0.

We set U;_1 = {u1,...,u;_1}. Let J = Id(u; — B1,-..,%i—1 — Bic1,V — %y f1s---» ft)
in Q[Y,U;_1,v]. Then, J is a maximal ideal such that Q[Y,U;_1,v]/J = K. And,
{v—vy,ui1 — Bi_1,---,u1 — B, ft,---, f1} is a Grobner basis of J with respect to the
lexicographical ordering Y < U;_; < v. Here we also denote by Y the order y; < ... <y,

and so on.

Theorem 10

(1) The ideal J NQ[U;_1] coincides with the maximal ideal generated by minimal polyno-
mials mq(uq),...,m;—1(Ui—1) over Q.

(2) The ideal J N Q[U;_1,v] coincides with the ideal generated by my,...,m;_; and the

minimal polynomial of v over K;_;.

Proof We note that since J is a maximal ideal, every elimination ideal becomes a
maximal ideal of each corresponding polynomial ring.
(1) Since J N Q[U;_1] is a maximal ideal, it contains every algebraic relation among
01, - .., 0i—1 and its residue class ring is isomorphic to K;_1, therefore, m,...,m;_1 belong
to J NQ[U;_1]. But, since each m; is irreducible over K;_1, {m1,...,m;_1} generates a
maximal ideal J such that K;_; = Q[Ui_l]/j. From this, we have J N Q[U;_1] = J.

(2) By using the similar argument as above, we can prove (2). 1

Corollary 11

Let GB be the reduced Grébner basis of J with respect to a block order {U;_; < v} <<Y.
Then,

(1) GB contains m;(Uj) for each j, 1 < j <i—1.

(2) GB contains a polynomial h(U;_1,v) which coincides with the minimal polynomial of

v over K;_;.

Changing from the lexicographic order to the block order, we can compute the minimal
polynomial of v over K;_; by Grébner basis algorithms or equivalenty by solving a system
of linear equations (see §2.4)), and moreover, we can determine whether  belongs to K;_1

by testing whether the minimal polynomial of + is linear with respect to v.

Corollary 12
Use the same notation as in Corollary[I1l Then, v is a primitive element of K; over K;_1
if and only if there is an element in GB which is a polynomial in U;_1,v over Q with

nonlinear v-term.
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4.2 Finding contractible roots

As a by-product of finding relative primitive elements, we can find a contractible root.

Corollary [[4] shows that we can check whether there is a contractible root immediately.

Lemma 13
If some K; is a contracting subfield for a root o, 1 < j < t, then there is a polynomial
Y — P(UZ) in the ideal j’ = Id(ul - ﬂl, ceeys Uy — ﬂi; f17 [N ,ft) OfQ[Y, Ul]

Corollary 14
Let GB be a Grébner basis of J' with respect to a block order U; << Y. Then, K; is a
contracting subfield for some «; if and only if there is a polynomial in U;,y; linear with

respect to y; in GB.

Remark 7

For radical representation, it suffices to compute one radical representation of a contractible
root «v; In its contracting subfield K;. This gives further improvement to the total efficiency.
Moreover, since we use some cyclotomic field Q(¢) as a ground field (See §6)), there is a
case where a root of f does not belong to K; but it belongs to K;({). This case is also

termed contractible.

5 Radical Representation of Cyclic Extensions

Here we present concrete methods for the radical representation of general cyclic ex-

tensions with prime degree under the following setting:

Setting: Let L be a cyclic extension of the ground field K with prime extension degree p,
and G its Galois group, where K is either Q or its finite extension. A primitive element 3
of L/K, and all its conjugates over K are given. This implies that the minimal polynomial
m(x) of B over K is given and all conjugates of 3 are expressed as polynomials in 3 over
K by the identification L = K(8) = Klz|/I1d(f(z)), where x is assigned to f.

The algorithm consists of two parts: construction of a non-zero Lagrange resolvent and
construction of an expression of the fixed primitive element as a polynomial in the Lagrange

resolvent and the fixed primitive p-th root of unity.

5.1 Finding a non-zero resolvent

We seek a primitive p-th root ¢ of unity which gives non-zero Lagrange resolvent u((, ).
As mentioned in Remark [B] (2), there exists such a primitive p-th root ¢. Let go(y) be the
minimal polynomial of a primitive p-th root of unity over Q. Then, go(y) is also the minimal

polynomial of any primitive p-th root of unity. In order to represent the composite field L’
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of L and the cyclotomic field K’ generated by all p-th roots of unity, we factorize gg into
its irreducible factors g1, ..., gs over L = K(0).

Lemma 15
(1) For each primitive p-th root ¢ of unity , K’ = K(¢) and L' = L(().
(2) Every irreducible factor g; is also an irreducible polynomial over K and has the same

degree.

Proof Since (1) is clear, we have only to show (2). Since deg(g;) = [L' : L], every
irreducible factor has the same degree. We show that g;’s are polynomials over K. If K
contains a primitive p-th root, then g;’s are polynomials over K. Thus, we assume that K
does not contain any primitive p-th root. Since [K’': K] < p, K’ and L are linearly disjoint
and so [L' : L] = [K' : K]. Thus each g; is a polynomial over K. 1

By Lemma [[5] each R; = K|z,y]/Id(f(z),9:(y)), i > 1, is isomorphic to L', where we
assign a variable y to each primitive p-th root. By Remark Bl (2), we have:

Lemma 16

(1) There is some R; such that u(x,y) # 0 in R;. In particular, if gy is irreducible over K,
u(B,¢) # 0 for any primitive p-th root ¢ of unity.

(2) If u(B,¢) = 0 for a fixed primitive p-th root ¢ of unity, then there is a positive integer
s less than p such that u(8,(®) # 0, where (* is also a primitive p-th root of unity.

We fix a primitive p-th root (,. By Lemma [I6] one of the following holds.

(a) g(y) = gi(y) for some i, L' = R; = K[z, y]/Id(f(z),g(y)) and a variable z is assigned
to the non-zero Lagrange resolvent u(z,y) in L',

(b) g(y) = gi(y) for some i, L' = R; and a variable z is assigned to the non-zero Lagrange

resolvent u(z,y®) in L’ for some s.

Then, u(8,¢,)P or u(f, ()P is easily computed in R;, and it is expressed as a polynomial
H(¢y)(= H(y)) in ¢p(= y) over K. The minimal polynomial h(x,y,z) of z over L is

z—u(z,y) or z—u(x,y®), and the minimal polynomial of z over K((,) is 27 — H(y). And

L'= R; = K[Z‘,y,Z]/Id(f(l’),g(y),h(l‘,y,Z)) = K[yaz}/ld(g(y)’zp - H(y))

5.2 Expressing a primitive element by radical

Now we come to consider expressing the fixed primitive element as a polynomial in the
Lagrange resolvent and the fixed primitive p-th root of unity. The target problem is “how
to obtain the polynomial x — P(y, z) from m(x),g(y) and h(x,y,z)”. Here, we present a
method based on elimination ideal computation. We assume that a primitive p-th root of

unity is already found, and use the same notations as in §5.1. Then,

K(B,¢p) = Klz,y, 2]/1d(m(x), 9(y), h(z,y, 2)).
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The polynomials m(x),¢g(y) and h(z,y,z) form the reduced Grébuner basis of the ideal
Id(m(z), g(y), h(z,y, z)) with respect to the lexicographic ordering < y < z as they are.

Since = can be expressed as a polynomial in y and z, we have the following by §2.4.

Theorem 17
There exists an element x — P(y,z) in the Grébner basis of the ideal Id(f(x) ,g(y)
,h(z,y, z)) with respect to a block order {y,z} << x.

Remark 8

On the Grobner basis computation, we noted the following:

(1) In this method, we may stop the procedure of Grobner basis computation when a
polynomial r(x,y, z) which is linear with respect to x appears in the procedure. Then, the
efficiency of this method shall be improved, though the shape of the result differs from that
obtained through complete computation.

(2) With respect to the order y < z < z, g(y) and 2P — H(y) appear in the Grébner
basis of Id(f(x), g(y),h(x,y,z)). Thus, for the computation of Grébner basis we use the
set {m(y),g(y), 2P — H(y), h(x,y,z)} as the input. (In this case, the whole computation

becomes very similar to the procedure described in Remark[d)

Remark 9

We can obtain a radical representation by GCD of m(x) and h(x,y,z) over the field
K(Cp,u(B,Gp)) = Kly, 2]/1d(g(y), 2" — H(y)). Since m(x),g(y), h(z,y,z) generate a maxi-
mal ideal, m(z) and h(z,y, z) have a common factor. As m(x) is square-free, the common
factor is a linear factor. We can compute GCD by Euclid’s algorithm using pseudo di-
vision. However, in general, this method gives the result like B(y,z)x — C(y,z), where
B, C are polynomials in y, z over K. (The pseudo-GCD computation corresponds to that
of S-polynomial in the Grébner basis computation.) And intermediate coefficient swell

occurring in the pseudo-GCD becomes a serious issue.

5.3 On strong representation

In our setting, a primitive element 3’ of K is represented by radicals over Q, and ¢, is
also represented by radicals over Q. By the method in §5.2, we compute a strong radical
representation of 5 over K, that is, an expression in terms of radicals of polynomials in /3’
and (,, and finally by substituting 8" and ¢, with their strong radical representations over

Q, we obtain a radical representation of 3 over Q. From (4) in §211, we have:

Lemma 18
Assume that Q(8")(= K) and Q((,) are linearly disjoint. (This is equivalent to the condi-
tion that go = g.) Then, the radical representation of § becomes a strong representation

for any pair of strong radical representations of (, over Q and 3’ over Q.



J.JSSAC Vol. 9, No. 1, 2002 69

When Q(8') and Q((p) are not linearly disjoint, there may be some terms in radical rep-
resentations of 5" and (, such that their evaluations depend on each other. In this case,

additional procedures are required. We will discuss this in the next section.

6 Radical Representation of Polynomial Roots

We assume the setting in §4 and consider how we compute a radical representation of
each primitive element (3;. Since our final aim is to obtain one radical representation of a
root of f(z), it suffices to compute radical representation of each primitive element g; for
1 =1,...,7, if there is a contractible root in K. So, first we will give a concrete procedure
for the general case, where there is no contractible root, and then we will comment the
contractible case. Here, we assume that every primitive element f; is already computed. At
each step ¢, since primitive element ;41 corresponds to cyclic extension, we apply methods
in §8l To compute a strong radical representation, we must replace the ground field Q with

a certain cyclotomic field.

6.1 Cyclotomic field corresponding to a polynomial

First, we define the following cyclotomic field determined by the input polynomial f.

Definition 19

Let p; = [K; : K;—1] fori = 1,...,r and let ¢1,...,qs be distinct odd primes among
P1,...,r. Then K¢(Cq,, ..., Cq,) is a field over which every arithmetic operation for radical
representation can be done, and we call it the extended splitting field of f and denote it by
Ly. Moreover, we call Q(y,,...,(q,) the cyclotomic field corresponding to f and denote
it by Cy.

A strong radical representation of each (,, can be computed efficiently by taking advantage
of the special properties of primitive roots of unity. (See [2].) Thus, we assume that strong
radical representations of ¢,,’s are already computed. By Lemma[J] there is no restriction
on the choice of radical representations of (4, ’s.

We assign new variables z1,...,2s t0 (g,..., (g, Set Z = {z1,...,zs}. Since Q(¢,,) is

linearly disjoint to Q(Cgy, -+, Cqi_1sCqiprs--->Cq,) fori=1,...,s, Cy is expressed as

Cf = Q[Z]/Id(go,l(zl)’ s ’9078(28))’

where each go; is the minimal polynomial of (,, over Q and go; = (28" — 1)/(z — 1).

Moreover, Ly is expressed as

Lf gQ[KZ]/Id(fh'"’ft?gl7"'ags)7
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where Y = {y1,...,y:} and each g; € Q[Y, 21, ..., 2] is the minimal polynomial of (,, over

Ki(lgs - 3Cq 1) =QlY, 21, ..., zi-1]/Id(f1,. .., fr, 91, .., 9i—1). Each polynomial g; can
be obtained by factoring go; over K¢((gs---,Cq_ 1)

6.2 Radical representation of relative primitive elements

We describe the computation at the i-th step, 1 < ¢ < 7. Let L; = K;((g,.--,Cq,)
for 1 < j <7, and Ly = Cy, and assign new variables uy,...,u; to B1,...,03;, that is,
uj — B;(Y)=0for j =1,...,i. Set U; = {uq,...,u;} for j <. Since [K; : K;_¢] is a
prime p;, [L; : L;—1] = p; or L; = L;_1 holds. In more detail, we have

Lemma 20

(1) L, = Ly is a Galois extension over Q and so over Ly.

(2) The Galois group of L, /L; coincides with the stabilizer of Ly in G;.

(3) The element §3; is a primitive element of L; over L;_;.

(4) If L;—1 # L;, then the Galois group of L;/L;_1 is isomorphic to the Galois group of
K;/K;_1 and so the factor group G;_1/G;.

We can determine whether L; = L;_1 by elimination ideal computation. With respect
to a block order Z << U; << Y, the reduced Grobner basis, say GB;, of the ideal
Ji = Id(uy — B1,---,u; — Biy, g1, 9s, f1,-- -, ft) has the following property. (For the
proof, see §d1)

Lemma 21
In GB; there is a polynomial P; in variables U;, Z which is monic with respect to u; for
j = 17 PN ,i. MOI'GOVGI‘, GBl N Q[Ui, Z] = {90,13 v ,gO,S,Pl, ey Pz} and

Li = Q[Ul, Z]/Id(goﬁl, e 790,S»P17 .. 7Pz)

Then, L; = L;_4 if and only if P; is linear with respect to w;. And if P; is linear
with respect to u;, then w;, i.e. the algebraic number [;, is expressed as a polynomial
in 41,...,8i—1 and (g,,...,(q,. From this expression, a radical representation of f3; is
obtained. Therefore we have only to consider the case where [L; : L;_1] = p; holds.

By Lemma 20 if [L; : L;—1] = p;, the set of all conjugates of 3; in K;/K;_; coincides
with that in L;/L;—1. Thus, the Lagrange resolvent is computed easily and represented by
a polynomial V;(Z,Y). We assign a variable v; to V;(Z,Y), i.e. v; — V;(Z,Y) = 0.

Consider the ideal J; generated by its Grobner basis GB! ={u1—p1,...,u;—Bi,v;—V;
fis--os fts91, -+, gs} in the polynomial ring Q[Y, Z, U;, v;] with respect to the lexicographic
order {Y < Z < U; < v;}. The ideal jl is a maximal ideal whose residue class ring is
equivalent to L. By changing the order to a block order {Z << {U;_1 < v; < u;} << Y},

we can obtain the polynomial expression of u; in ui,...,u;_1,v, 21,...,2s. Moreover, the
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minimal polynomial of v; over L;_1 is of form v} —Q;(U;_1, Z) and Q; is computed directly
from the normal form of Vjpj with respect to GB;. (See §5.)

Thus, at this step, we have a strong radical representation of the primitive element (3; by
the previous ones (3;_1, ..., 31 and the fixed roots of unity. At the final step i = r, we have
a strong radical representation of the final primitive element [, from which strong radical
representations of roots are derived. In more detail, by substituting each (3; with its strong
radical representation by 3;_1,...,81 and the fixed primitive p;-th root from ¢ = r to 1
repeatedly, we have a strong radical representation of 3, over Cy, i.e. a representation of
Br in terms of radicals over Q[Z]/Id(go.1,---,90,s). Since each z; is defined by an arbitrary
root of gop;, we can use any primitive p;-th root of unity as the value of ;. Thus, by
using the already computed strong radical representation for each (,,, we finally obtained

a strong radical representation of 3.

We give another direct description of the whole procedure which is equivalent to the
above. New variables v1, ..., v, correspond to algebraic numbers v1,...,7ys such that L; =
L;—1(;) and P belongs to L;_1 for each 7, 1 <i <s. Weset V ={vy,...,v.}. Then, we
express every (; as a polynomial in (4, ...,(g and v1,...,7, as follows:

Let Z be an ideal in Q[Y, Z,U, V] generated by its Grobner basis {f1,..., ft,91,-- -, Js,
up =1,y — Bpryv1 — Vi, ... v — V. } with respect to the lexicographic order {Y < Z <
U < V}. Then its Grobner basis GB with respect to a block order {{Z < V} << {Y < U}}
has the following property.

Lemma 22

For each j, 1 < j < r, there is a polynomial R; in variables V;_1,Z such that vfj - R;
belongs to GB, where V; = {vy,...,v;}. Moreover, GBNQ[V,Z] = {go.1,---,90,5 V}" —
Ry,...,vP" — R} and

Lf = Q[‘/,Z]/Id(go71,...79073,1/{)1 - Rl,...,’U,,PT _RT)

Each v;, i.e. an algebraic number v;, is expressed by a p;-th root of R;, and from the

polynomial R, we can compute a strong radical representation of a root of f.

Contractible Case As a by-product in the step for constructing the subfield tower, we
recognize the case where some root, say a;, belongs to a proper subfield K;. In this case,
we can replace the extended splitting field Ly with K;(Cq,, ...,y ), Where q1,...,qy are
all distinct primes among p1,...,p;. By the same procedure as in the general case, we have
radical representations of the primitive elements gi,...,3;. Although §; is not a root of
f, a contractible root «; is expressed as a polynomial in 3q,...,3;. From this, we have a
radical representation of a root of f.

Moreover, there is a case where any root of f(x) does not belong to any proper subfield

K, but some root a;, 1 < i < t, belongs to some proper subfield L; = K;((g,,---,Cq.,)-
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This case is checked by whether a polynomial in y;,U;, Z linear with respect to y; appears

in the Grobner basis or not. See Remark [7]

6.3 Improvements and comments

When the Galois group Ky is large, it is rather difficult to factorize go ;’s. To execute

their factorizations efficiently, we propose the following improvements.

[Improvement A] Before factoring go,; over K¢((q,,...,(q ), we factorize go; over a
certain proper subfield K; = Q[y1,...,y;]/ 1d(f1, ..., fi) for j <t or K¢(Cqy,---, (g, ) for
j' < i —1. Then it suffices to factorize any factor of the above factorization instead of go ;
itself over Ky. This improvement works very well when there are strong algebraic relations

between Ky and Q((y,), in particular, when K contains Q((g,)-

[Improvement B] In factorization of go,; over Ky, we can replace the field K, with a
smaller subfield K'. Let N = [Ky : Q]. Since [K;({y,) @ Kr] = [Q({y,) : Q(¢y,) N K] and
[Q(¢y,) N Ky : Q] is a common divisor of N and ¢; — 1, [Q(¢,) N Ky : Q] is a divisor of
GCD(N,q; — 1) and deg(go,;) > (¢ —1)/GCD(N,q; — 1). So we first compute a divisor
M of ¢; — 1 such that GCD(N, g; — 1) divides M and GCD(N, (¢; —1)/M) = 1. Next, by
using the knowledge on the Galois group of Q(¢,,)/Q, we compute a primitive element 6 of
a subfield K’ of Q((,,) with extension degree M. (See §dl) Then, the minimal polynomial
of ¢, over K;(#) coincides with the minimal polynomial of (,, over Q(#). Thus, instead
of factoring go; over Ky, we factorize go; over Q(#) and factorize, over K, the minimal

polynomial of # over Q and then we obtain the representation of K((g,)-

Finally, in this section we discuss two alternatives for the concrete procedures.

(1) Let ¢, be a primitive g-th root of unity, where ¢ = [[;_, ¢;. Since gg/‘“ is a primitive

¢;-th root of unity for each i, we can remove z1,...,z; by assigning a new variable z to
(q- This succeeds in reducing the number of variables, however, it becomes very hard to
factorize the minimal polynomial of {, over Ky. This fact can be seen in our experiment.
(2) We can give another procedure which seems quite natural with respect to the con-
struction. Each p;-th root is added to the subfield at each step, i.e. the following L;’s are
constructed: Lo = Q((p,),---,Li = Li—1(8i, Cpivi) = QBrs-- -, Bi,Cs -+, Cpiyr )- We set
L, = L,. At each i-th step, we have to compute the minimal polynomial m; of 3; over L;_;
and that go; of ¢, over L;_1(3;). These are also obtained by algebraic factorization. m; is
an irreducible factor of P; over L;_; and go,; is also an irreducible factor of gy ; over L;_;.
In the computational point of view, the factorization of P; over L;_; is reduced to those of
Cpr»--+»GCp;,_, Over K; by basis-conversion techniques and vice versa. Thus we factorize go ;
over several proper subfields of L. This method is a variant of the procedure proposed in

§6.2] with Improvement A.
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7 Experiment on Computers

Here, we report our experiments on computation of radical representation for actual
examples. In the previous sections, we showed the whole procedure consists of three parts;
(1) computing a composition series (2) computing the corresponding subfield tower, and
(3) computing radical representations. We implemented all three parts on Risa/Asir and
tested efficiency of proposed methods for a number of examples. Timing data is shown in
Appendix A. We note the splitting fields and Galois groups were computed by direct method
in [1]. The experiment shows that radical representation is executable for polynomials

whose splitting fields and Galois groups are computed by the direct method.

7.1 Algebraic factorization

Since we do not have an effective criterion for strong representation except Lemma [I8]
we have to factorize the minimal polynomials go 1, -, g0,s over Ky or its extensions. For
these factorizations, we can use an improved algebraic factorization using non-square-free
norm proposed in [I], and its further extension proposed by Noro & Yokoyama [20] based
on Encarnacion’s algorithm [9] for factorization over simple extension fields. Since these
two improvements work complementary, we can combine these effectively. By the former
improvement, we sometimes catch an intermediate decomposition of a given polynomial,
and by the latter improvement, we reduce unnecessary combinations of candidates for
irreducible factors of the polynomial.

Timing data for algebraic factorization (Table 1 in Appendix A) was, in principle,
obtained by the method using non-square-free norm. We remark that it took about 1 hour
to execute algebraic factorization for Example (19) and we could not obtain the result
for Example (26) within 1 hour. We applied the algorithm in [20] for Example (19), by
which the computing time decreased to 1/20. For Example (26) we obtained the result in
about 200 seconds by Improvement A. However, the part of factorizations of gg;’s is still
time-consuming compared with basis-conversion parts.

The improvements for algebraic factorization proposed in §6.3] are based on the above
algebraic factoring algorithms. The effects of each improvement depend on the cases.
We comment on Improvement A briefly: If go; is factorized into its proper factors with
smaller degree, the total efficiency should be much improved. Moreover, if the degree of
irreducible factors of f over K; is prime to [Ky : K;], each irreducible factor of f over K;
is also irreducible over Ky, that is, we do not have to factorize each factor over K. As
for Improvement B, we did not apply it in the experiment. This seems much suited for the

case where M is considerably small compared with N and ¢; — 1.
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7.2 Relative and absolutely primitive elements

From [2] and Table 2 in Appendix A, we can point out the following. (i) Relative
primitive elements can be obtained more easily than absolutely ones. (ii) Coefficients
of the minimal polynomials of relative primitive elements tend to be much smaller than
those of absolutely ones. (iii) Although a method using absolutely primitive elements
has a smaller number of variables, the computation of a polynomial expression of f; is
much more time-consuming. From these points, we conclude that methods using relative
primitive elements are superior to methods using absolutely ones. This behavior is very

similar to that of algebraic factorization, see [IJ.

7.3 Elimination ideal computation by basis-conversion techniques

As mensioned in Remark 2 there is a slight difference between finding necessary alge-
braic relations and elimination ideal computation by basis-conversion. But, as they have
the same mathematical basis and computational behavior, we focus on elimination ideal
computation by basis-conversion and we discuss which variant of basis-conversion is effi-
cient for the radical representation. Since each ideal appearing in the problem is given by
its Grobner basis with respect to an admissible order, change-of-ordering algorithms are
much more efficient than direct application of Grébner basis computation. (Timing data in
appendix was obtained by using the change-of-ordering algorithm in Risa/Asir.) There are
several studies about change-of-ordering algorithms, e.g. Faugere et al. [11], Faugere [10].
Among those, we used one described in Noro & Yokoyama [19] as the most suitable one
for the problem in our settings. Because the algorithm in [I9] employs modular techniques
to avoid intermediate coefficient growth.

As reported in [2], since the degree of each minimal polynomial in examples is a small
prime, direct Grébner basis computation with respect to a lexicographical order by an
algorithm based on trace-lifting, see Traverso [23], also worked well in the experiment.
However, even in these cases, the change-of-ordering algorithm employed here can compute
much more efficiently. Efficiency will be much improved by stopping the basis-conversion

when we obtain every necessary elements in the basis.

7.4 Radical representation of primitive roots of unity

We give a comment on radical representation of a primitive p-th root ¢, of unity for
a prime p. Since the Galois group of Q((,) over Q is a cyclic group of order p — 1, we
can apply the general method for it, that is, we first compute a subfield tower, and so
on. Moreover, we can also apply methods in §5 directly to it. By [2] it is proved that

the method derived from Equation (8] is the most efficient, if a radical representation of
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a primitive n-th root of unity for each n smaller than p is already known. Since radical
representations of primitive roots of unity are used as basic items for radical representation
for roots of general polynomials, these expressions must be filed as data. Hence, the shape
of their radical expressions is more important than the timing of their computation. This

should be analyzed in our future works.

8 Concluding remarks

By the direct method in [I] or the p-adic approach in [26], exact permutation repre-
sentations of Galois groups are computed efficiently. Aiming at efficient computation of
radical representation from the outputs of the direct method, we gave further discussion on
the subject and proposed a concrete method. We examined the efficiency of the method by
experiments with a number of examples. The experiment shows that radical representation
is executable for polynomials whose splitting fields and Galois groups are computed by the
direct method. That is, combination of the presented methods with the direct method and
efficient group theoretical methods for composition series, gives a practical procedure for
the radical representation of roots of polynomials. Since the presented method follows the
well-known abstract procedure for radical representation, we may call the method a direct
method for radical representation.

To improve the efficiency of the direct method, the technique of p-adic approach seems
very useful. Because, as we can guess the shape of necessary algebraic relations, we can
apply modular techniques, where we can compute the results in the finite field GF(p) for
some prime and lift them by Hensel procedure. This will be done in our further study.

Finally, we list up additional problems for further study: (1) By the presented direct
method, radical representations of several polynomials were obtained. However, their ex-
pressions are too complicated to recognize what these expressions imply. (See Appendix
B.) Thus, the problem to simplify expressions arises, or we have to consider what are
preferable expressions (cf. [29]). (2) By using arguments in [I5], it seems possible to give a
bound of coefficients of radical representations in terms of the magnitude of coefficients and
the degree of the input polynomial. If we have adequate bounds, we can apply modular

techniques very efficiently.
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Appendix A Timing data

Timings, given in seconds, were measured on a SUN4-20/61, where garbage collection
time is excluded. As samples, we took the following 10 solvable polynomials. These but
Example (4') are quoted from Anai et al. (1994a) and the same indices are assigned to
these polynomials. Example (4') is given by Professor G. Fee in his Computer Challenge
Problems whose Galois group is isomorphic to Example (4) in Anai et al. (1994a).

(4") %522 +52 -5 (17) 2% +2*-38

(10) 25 +92% — 422 — 4 (19) 2% +2*—22+52 -5

(11) a5+a23+7 (24) 2T+ T3+ T2? + 72 -1
(12) 26 —32*+1 (25) 27 — 1425 + 562% — 562 + 22
(15) 2% —22% -2 (26) z7—2

Table 1 shows the timings to compute relative primitive elements and their strong
radical representations, and Table 2 shows the comparison of the method with relative
primitive elements and the method with absolutely ones.

Here, we use the following abbreviations: In Table 1, |G| denotes the order of the
Galois group, D denotes the extension degree of each subfield over its previous subfield, S
denotes the timing for computing each subfield, R denotes the timing for a strong radical
representation of each primitive element, and af denotes the timing for computing Cy. A

contractible root was found at the step marked by “>”. In this case we do not have to

3 «wl)»

means that contraction occurs at the extension. Moreover
«2) »

proceed further. And
means that we used the extension proposed by Noro & Yokoyama (1996), and means
that we used Improvement A. (See §6.31) In Table 2, |G|, D, S and R are the same as in
Table 1. S denotes the timing to construct absolutely primitive elements and R® denotes

the timing for a strong radical representation of each absolutely primitive element.

Appendix B Result of (4)

SUBFIELDS : For Example (4'), K is obtained by adding two roots a,b of (4') to Q:

1) 14 problems to challenge computer algebra systems are proposed in Computer Challenge Problems

which was posted to Internet News Group: sci.math.symbolic on 7 Jun, 1994.
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|G| D S R |G| D S R
@) 20 2 148 *0.07 (17) 48 2 1.22 0.10
F20 2 1.54 1.70 2.54 3 0.14 0.18
5 0.67 3.36 2 0.10 0.13
af 715 2 > 0.09 0.13
(10) 12 3 0.04 0.12 2 (0.11) ©.17)
A4 2 003 007 af 61.16
2 0.02 0.06 (19) 72 2 23.74 0.15
af 0.50 372.D4 2 4.91 0.33
1) 18 3 012 0.6 2 767 3.03
3.93 2 011 *0.10 3 369 4.13
3 006 028 3 789 . 7.33
of 173 af 171.00
) 51 3 0.16 0.20 (24) 14 2 0.46 *1.32
9 A4 9 0.06 0.07 D7 7 0.35 14.81
2 007 007 af 14.70
2 ©08)  (0.08) (25) 21 3 1.46 *92.19
of 357 F21 7 1.18 19.93
(15) 36 2 0.7 007 af 40.5
3°2.2°2 3 0.28 *0.06 (26) 42 2 0.71 *0.22
2 0.08 0.23 F42 3 0.19 *0.50
3 0.05 0.21 7 0.14 13.63
af 10.59 af 2207.20
Table 1: Time for radical representation.
D S S5 R R® D S S® R R®
4) 2 148 125 0.07 050 a7 2 122 112 0.10 0.08
2 154 1.29 170 1.62 3 014 009 0.18 0.25
5 0.67 0.33 3.36  17.53 2 010 004 0.13 0.06
(10) 3 0.04 0.04 0.12  0.27 2 009 013 0.13 0.21
2 0.03 0.03 0.07  0.03 2 011 424 017 1.52
2 0.02 0.02 0.06  0.04 (19) 2 2374 24.06 0.15 0.13
(11) 3 012 0.08 0.16  0.08 2 491 500 0.33 0.29
2 0.11 0.07 0.10  0.07 2 7.67 2044  3.03 8.52
3 0.06 0.07 0.28  0.28 3 369 3645 4.13  24.45
(12) 3 016 0.13 020 0.26 3 789 072 7.33 7.13
2 0.06 0.05 0.07  0.04 (24) 2 046 051 1.32 0.59
2 0.07 0.03 0.07  0.04 7 035 052 14.81 237.85
2 0.06 0.09 0.08 0.12 (25) 3 146 147 219 3476
(15) 2 0.77 0.68 0.07 0.04 7 118 1.58 19.93 364.88
3 0.28 0.21 0.06 0.10 (26) 2 071 079 0.22 0.36
2 0.08 0.06 0.23  0.49 3 019 022 050 0.51
3 0.05 0.04 021  0.28 7 014 007 13.63 17.67

Table 2: Comparison of relative primitive elements and absolutely ones



J.JSSAC Vol. 9, No. 1, 2002 79

K; 2 Qla,b]/Id(a® — 5a® + 5a — 5,a* + ba® + (b* — 5)a® + (b* — 5b)a + b* — 5b* +5).
There are two subfields corresponding to the composition series of the Galois group between
Q and Ky. A primitive element 3; of K; over K;_1 = Q(81,---,8i—1) and its minimal

polynomial m; over K;_; for each i (i = 1,2, 3) are as follows:

B1 = £ ((206* — 50b° — 60b + 100)a® + (=506 + 206> + 150b — 40)a® + (—60b° + 150b°+
180b — 300)a + 100b® — 40b% — 300b — 550),

B2 = 10ba* + (—5b% 4 20)a® + (15b° — 75b)a® + (256 — 70)a — 200 4 70b + 25,

63 = —a +'b7

m1 = u? + 50u; + 500,
ma = 2u2 — 1155u; — 15750,
ms = —2u — urud + (5u1 + 50)us + 2us.

RADICAL REPRESENTATIONS : For each ¢, u; and v; are assigned to 3; and the correspond-
ing Lagrange resolvent, respectively. 27 is assigned to the fixed primitive 5-th root of unity,
whose minimal polynomial over Ky is

g1(z1;a,b) = 2127 4+ ((2b° — 5b% — 6b 4+ 10)a® + (—5b° + 2b% + 15b — 4)a’+
(—6b> + 150 4 18b — 30)a + 106> — 4b> — 30b + 8)z; + 21.

Then the results are as follows:

w1 = 1025 + 1027 — 20,
U2 = %Uz,

uz = zrizs (((323 + 323 + 5)u2 + 5025 + 50211 + 25)v* + 62500),

31250

vz =4/23100zF + 2310027 — 14700,
vz = \/ 1(3125vs — 7812525 — 23437522 — 31250021 — 156250),

a = 315555 (((Tva — 500)v} — 2500001 )27 + ((—11vz — 250)vf + 1250001 )27 + ((11va—
250)v] — 1250001 )21 + (—7v2 — 500)v] — 3750001,

b= 1earzg (11vav] — 1250001) 27 4 ((2v2 — 125)v] + 6250v1)z7 + ((11/2v2 + 125)v}
—625001)21 + (9v2 — 125)vi + 1250001 .
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