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Abstract

A modular method for computing the Frobenius normal forms of integer matrices
is presented. This method computes Frobenius normal forms over Z,,, where p;’s
are distinct primes, then it constructs the normal form over Z by Chinese remainder
theorem. In this paper, we describe mainly:

e the detection of unlucky primes;

e new formulation for the efficient computation of a transformation matrix.
The experimental results show that our new algorithm is more efficient than straight-
forward implementation of conventional methods.
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Compute Fp,, Sy, s.t. Ap, Sp, = Sp,Fp, (mod p);
Construct F®) from F*~1) and F,, by CRT;
Construct S from S*~Y and S, by CRT;
If (AS®) = S k) (over Z)) then return (F*) S(*))  else goto loop;
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Presume the correct pivoting pattern using the above 3 results;
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k= 3; count :=1;
loop : Do until (S*=1 = §(k))
k=k+1;
Compute F), ,S,, s.t. Ay Sp. = Sp.Fp, (mod pg);
If pr does not yield the presumed pivoting pattern
then { count := count +1; If count =10 then STOP; }
else { Construct F®) from F*~1 and F,, by CRT;
Construct S*) from S*~1 and S,, by CRT } ;
If (AS®) = SFI () (gver Z)) then return (F*) S*))  else goto loop;

0000000000000 F,SO0000000000000000000000000
00000000000000000000000000000000000000000
0000000000000 00000000000000000D00000000000
000D00m

00000000000000000000000000000000 203000000
000000 wiucky 00000000001000000000000000000000
unlucky 0000000000000 00000000000000O00000O0O0O0O0
00000000000000 pivet00000000000000000000000O0
000000000000000000000000000000000000

DM00-10<a; <1000000000010x1000 ADODOOOOOOOOOO
000000000023,290000000000000000000000000000
0000000059,67,131,149000000000000000000000 unlucky 00
0000000000 2700000000000 CRTOO00000Z00 FS000
000000000400 unlucky 000000000Z000000000 100000
000 (dP =10) 00000000 Giesbrecht[§) 00 0000000000000000
0000000000

5 uooobobod

O000000pROoO0O0C00000O0O000O0000O00OO0DULOOUODODOOUOOOO
good

E| A|E — St F | S

goboobOoobOoooooboooooobobOooobOOooboOoooooboOooonn



J.JSSAC Vol. 9, No. 4, 2003 59

O lruwluckyOODOOOOOOODOOOO

a:=

mat((-2,1,-2,-10,5,-3,-7,-2,0,-5),(5,-1,0,-5,-8,0,-3,5,-5,-9),
(5,4,4,-3,-1,5,2,8,7,-7),(-5,-8,8,-9,-4,-10,-7,9,7,3),
(-10,-6,3,-4,4,-1,3,7,8,-8),(2,8,1,-1,9,-4,3,-3,4,5),
(-6,-6,1,7,-5,1,6,-6,1,3),(7,0,7,-7,-1,7,-7,-5,-2,-7),
(-8,-5,-6,-8,9,-9,1,-9,6,5),(-6,9,-2,-6,6,0,-3,0,7,7))$

frobenius_nf(A,’F,’int);

lucky primes = (23 . 29)

lucky pivots = (nil nil nil nil nil nil nil nil nil)

initial mod = 667

(nil (2 . 3) nil nil nil nil nil nil nil)
p = 67 unlucky : pivot = (nil nil (3 . 4) nil nil nil nil nil nil)
p

p
1.9 @.9 @.9 &.9 6G.9 BG.9 (7.9 (8.9 nil)

check of S & F over Z : t
product of 27 lucky primes (except 4 unlucky primes) : 52 digits

p = 59 unlucky : pivot

131 unlucky : pivot = (nil nil nil nil nil nil nil (8 . 9) nil)

149 unlucky : pivot = (nil nil nil nil nil nil nil nil (0 . 9)

total time for computation : 2689 ms
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Compute F),, s.t. A, Sy, = Sp, Fp, (mod p; ©¢=1,2,3);
Presume the correct pivoting pattern using the above 3 results;
goboobdp,ps 000000000 O0O0ODO0ODO0ODOODOODOOODOOn
00 p, 000D00ODO0OOOODOOOO uwnluckyOOOODOOODOO
Construct F®) from F,, and F,, by CRT;
k:=3; count :=1;
loop : Do until (F—1 = (k)
k=k+1,;
Compute F,, s.t. A, Sy, = Sp, Fp, (mod p);
If pr does not yield the presumed pivoting pattern
then { count := count +1; If count =10 then STOP; }
else  Construct F*) from F*~1) and F,, by CRT;
If p(A) # O then goto loop; O ¢(z) = min.pol. of F*)
Construct S from A, F*) by Algorithm{3 (over Z);
While rank(S) < n (over Z) do reconstruct S by Algorithm{3}
Return (F*) S)
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000000000000 RAU000000000O Reduce3.6[8] OO0 RLISP "88[15]
000000000000000000000000O00O H9000VK270 (CPU : PA-8000,
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{p1.p2s - prooo} = {2147483647, 2147483629, ..., 2147462143}
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12(8,4) 14(10,4) 16(9,5,2) 18(10,6,2) 20(11,6,3) 25(10,8,5,2)

30(12,9,6,3) 30(10,8,6,4,2) 42(12,10,8,6,4,2)
00000000000 MAOODOO#p; 00000000000000len|s;;]0000
0 SO000000000000
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0 1: CPU-Time(sec) for integer matrices I

Algorithm{2] Algorithm{4] Maple
n | #p; len|s;| Ty | #p; lenls;| Ty | Ty)Ts Ty Ty/Ty
12 31 279 16.23 7 47 2.05 | 0.126 13.20 0.155
14 43 384 44.02 8 55 4.25 | 0.097 39.17 0.109
16 56 507 103.42 9 63 8.30 | 0.080 100.53 0.083
18 71 651 227.38 10 73 16.09 | 0.071 229.86 0.070
20 89 818 485.72 11 81 29.28 | 0.060 497.32 0.059
25 | 141 1301  2391.33 13 103 11231 | 0.047 | 2496.91 0.045
30 | 206 1911  9333.34 15 126  361.43 | 0.039 | 9003.52 0.040

O 2: CPU-Time(sec) for integer matrices II

Algorithm{2] Algorithm{4] Maple
n | #p; len|s;| Ty | #pi  len|s;;| Ty | Ty)Ts Ty Ty/Ty
12 10 75 3.06 3 25 1.22 | 0.399 2.47 0.494
14 15 123 7.83 3 38 2.11 | 0.269 6.21 0.340
16 16 133 11.46 3 36 3.73 | 0.326 13.38 0.279
18 18 157 18.84 3 43 6.10 | 0.324 27.88 0.219
20 21 181 31.09 3 44 9.82 | 0.316 33.29 0.295
25 32 288 123.80 3 78 40.16 | 0.324 175.13 0.229
30 38 338 265.84 3 100 104.94 | 0.395 360.71 0.291
30 45 406 366.10 4 102 124.98 | 0.341 427.50 0.292
42 93 851 3546.36 4 146 997.12 | 0.281 | 1544.37 0.646
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