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With many applications in engineering and scientific fields, quantifier elimination (QE) has
received increasing attention. Cylindrical algebraic decomposition (CAD) is used as a basis for
a general QE algorithm. In this paper we present an effective symbolic-numeric cylindrical al-
gebraic decomposition algorithm which constructs CAD only in restricted admissible regions
to remove redundant projection factors and avoid lifting cells where truth values are constant
over the region. We call such a CAD a bounded CAD. The effectiveness of the bounded CAD
approach is examined in a number of experiments including practical engineering problems,
which also reveal the quality of the implementation. Experimental results show that our im-
plementation has significantly improved efficiency compared with our previous work.
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Algorithm 3 EvaLArom1(f(x) p 0)
Inmput: 000000 f(x)€Qlx], pe s, <, =, #}
Output: f(x)p0 000000000 7,00000000 F
L—f0O0000D000O0@OODODOONO)
T ={xe®\L)|f(x)p O}
F ={xe®\L)|~(f(x) p 0)}
return {7, 7}
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Algorithm 4 EvaLAtom2(f(x1, X2, ...,%,) p 0, U, x; )
Imput: 000000 f(xy,...,%) €Qxy,...,x ], pe{s,<,=%#,00 U CR 000 x
Output: 00000000 7,00000000 F
F(x)) & Susst(f, x;, U,)
L~ f0000O000O0@OD0OO0000)
if error then
T=F=0
else
T ={xe®\L)|2x)p0)
F={xe®\L)|~(gx)p 0)}
end if
return {7, F)}
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000000000000000000000000000000000000000000
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0000000000 U, =R \(JUF)ODODDODODOOOO0O0OD000000000U, O
U, 2R \(TUFODDO0DOO0DDO0OO0DO00000000000000O

U ={(x1,..,x) eER X < < xf, XXl eRU(~00,00} (i = 1,...,7)} 3)
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Algorithm S SUBST(f, x;, ‘U,)
Input: 000 feQ[x,...,x ], 000 x,00 U, CR”
Output: x, 0000000000000
for j=1tordo
if i # j then
Vie—{x; e R Iy -+ Axjo Ixjey - - - I ((x1,. .., %) € UL)Y
[ < min{x; € V;} € RU {-o0}

h « max{x; € V;} € RU {co}
f<fOx;0([LAO00000O0D0OO00OOOOOO
end if
end for

return f

Algorithm 6 EvaLAtoM3(f;(x;) + fa(x1, - .- Xi—15 Xit1,---» Xr) p 0, U;)
Input: DOO0000 £ €Qx].x; 00000000000000 f €Qlxy,....x5).p €< <)
o0 U, cR
Output: fi + ,p00000000 7000000000 F
[L, h] « SuBsT(f>, Xx;, U,)
if 1 = co then
The0
else
{Th, Frn} < EvaLAtom1(f| + h p 0)
end if
if [ = —oo then
Fir<0
else
{T1,F1} < EvaLArom1(f; + [ p 0)
end if
return {7, 7}
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if / <0and /2 > 0 then
return true

else
return false
end if
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000000 CADO OO bounded CAD 0O 0O 0O 0O O O Mathematica 8.0 0 QE O 0O O O Reduce
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000 50000 adaml, adam2-1, adam2-2,adam3, mpcl 000000000000 [22]10
00000 40000 portfolio, port-nox3, port-para, mooea D 0 0000 O0O0O0O0O0O0OCO0O
O0O0OC0COOO0OO0QEDQD [p,R000000020000000000000 QEOOO
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02000000

EEN od goood
6|5/4] 3] 2] 1|00
adam1 CAD 2 6
BCAD 2 6
adam2-1 CAD 3|15 57 75
BCAD 3112 53 68
adam2-2 CAD 4117 72 93
BCAD 4116 | 63 83
adam3 CAD 20 5111 | 25 43
BCAD 21 5] 9| 25 41
mpcl CAD 71 81|49 | 982 | 1046
BCAD 51 6]19] 193 | 223
portfolio CAD 41 81|18 | 156 183
BCAD 31 4110 51 68
port-nox3 | CAD 31 4|11 58 76
BCAD 3| 411 ] 58 76
port-para CAD 41 5|17 98 124
BCAD 41 5|17 | 98| 124
mooea CAD 417 113]39 192 | 255
BCAD 417 113]39 192 | 255
kimura$ CAD |4 |6 |3 | 934|268 | 324
BCAD |4 |6 |3 | 8|17 | 109 | 147
kimurac CAD 4 13| 8|25 195 | 235
BCAD 413 8|17 | 136 | 168
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port-nox3 O portfolio 00000000 x3>2000000000000000000000O
000000000000 000000000Oo0OOOport-nox3 000000000000
O000000000000O0bounded CADOOOXx; >200000000000000000
00 U, 000000000000 portfolio0 0000000000000 0OOOOOOOO
ooooooooooo
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000000000 o0o0oo00o0o0o0o0oo0o0oOo0oDoO0ooo0o0oDoOoooo
gono



16 oooo o900 10 2012

03:8moooog

1eve1\5\4\3\2\ 1\55
CAD |4 |5|924]397] 439
BCAD | 4 | 5]8 |22 335] 374

71 00000
bounded CADO O ¢, 0000000000000 0000O0O0O0OOOOOOOOOOO0O
godoooo0oooooodooooooooooooooooooooooooooon
gdooooooooooooooooan
0000000oodoDoOooooo [mO,p. 3100000000
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dxidx, (v = x? + 2x% —5x1 + Zx% —3x, — 6A
2x1+ X% <25+6, A05x; +x, < 1.5+ 6,A (7)
X1 20AXx>20A0<0;,<1A0<6,<1).
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0/4<6; <1/4n2/4<6,<3/4 4|58 ]21]317] 355 36.4
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A Examples
adam1 [27] Stability of Dormand-Prince fifth-order embedded seven-stage method (Example 4.4
from Hong et al. (1997))

99438
100000

VxVy ((}c<0/\x2+y2 < ) = R(x+iy)R(x —iy) < 1),

where

2 3 Z4 ZS Z6

Z
R(Z)—1+Z+E+g+ﬂ+m+@.

adam?2 [2Z] Stability of a six-point upwind-based second-order accurate scheme for approximat-

ing a two-dimensional advection equation (Example 5.4 from Hong et al. (1997))
2-1 YaVBYCr (@ >0AB>0A4@*+B%) < 1) = (B<OVD<0)),
2-2 YaVpVCr (0<a<1A0<B<]) = ASOACLSOAB=<0O0VD<O0),

where
A = CGa-B+1)a-B-a-pP
B = 20,B(3a*B-2a* —2aB* +a+p° - p)
+4C§a,8(a2 —a+B-B)+ 2C§a(a3 - 2028+ 308> —a - 282 + 1),

C = CPRPB-1)+4Cep*B-1+a*@* - 1)
+2C3aPfBap — 20 = 2B + 1) + 4C2°Bla - 1),
D = C3R+2C,S +T,
R = 8a’B’—-12a°B+5a° — 8af’ + 8af® + 2af — 4a + 4B* — 48> — 3% + 4B,
S = 4a’B-2a° —4a?B* - 20°B + a® + 4ap® — 2aB% +2aB - 2° + 3,
T = 4a*-8a°8—4a’ +8a*8 +8a*B8 - 3a> — 12aB + 2a + da + 567 — 46.

adam3 [27] Robust multi-objective feedback design (Example 4.2 from Dorato et al. (1997))
Find the set of n, satisfying:
dgi1dgpVw (g1 > 1 A g2 >0 A ng>0A
(ng — gw* + (na((q1 + 1> = 2¢2) — (@ + @)W + (ng — Dg3 > 0 A
(na — gw* + (na((q1 — 1)* = 2q2) — (g7 + @)IW* + (ng — 1)g3 > 0).
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mpcl

Ju (6(t — p* — ¢* — u*) = 2(=p + 2q + w)* + 8(—p +2q + u)*+
(—-8p — 8¢% — 16u — 20)(—p + 2q + u)*+
28(p + ¢* + 2u)(—p + 2g + u) — 11(p + ¢* + 2u)*> = OA
P+@P +2u<1IA-p+2q+u>0A-p+2g+u<lAp+q*+2u>0A
0<p<1/4AN0<g<1/AA-1<u<lAO0<L).

portfolio [20]

Minimize 45x§ —30x2x3 + 10x1x3 + 3x§ —40x1x2 + 8x%
subjectto  x; + xp + x3 < 10000 A 5x; —4x; + 15x3 > 100000 A
x1=20Ax>20A x3>0.

The associated QE problem is given as:

dxAxpdAxs (v = 45x§ —30xx3 + 10x; x5 + 3x§ —40x1x0 + 8x%
X1+ X2 +x3 < 10000 A 5x; —4x; + 15x3 > 100000 A x; 20 A x>0 A x3 =20).

port-nox3 portfolio problem removed redundant constraint [20]

Minimize 45x§ —30x2x3 + 10x1x3 + 3x% —40x1x2 + Sx%
subjectto  x; + xp + x3 < 10000 A 5x; —4x; + 15x3 > 100000 A
x1 >0 A x>0.

The associated QE problem is given as:

AxAxoAxs (v = 45x§ —30xx3 + 10xx3 + 3x§ —40x1x2 + Sx%
X1+ X+ x3 10000 A 5x; —4x> + 15x3 > 100000 A x; >0 A xp > 0).

mooea extended problem of example 1 in [8, p. 11]

Minimize x7 + x3 + x3 and
minimize (x; — 1)* + X3 + x3
subjectto -2<x] <2 A 2<% <2 A -1<10x3<1.

The associated QE problem is given as:

ArAnds r=xi+5+x3 Ayp=0@-1D?+x5+x3A
“2<x <2 AN -2<x<2 A -1<10x3<1).

kimura5
Axi Aoy Ay (Ll + 1) + D)X x0 = l%lz + l]l% + 4L A

(lllz + [ + lz)(xl +xp) = l% + l% + 1%12 + lllg +l+hL A
(PE+B+Dyiy =LE+BE+ BB A
BE+B+B)yi+y) =0 +L+05+BL+B+5A

Lhzh>21 Ay1>x12x0 Ay%Zy% Ay =0).
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(4]
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(6]

(7]

(8]
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[13]

dAx;Axp Ay Ay, Bx1+x) =21 +L+1) A 3x1x, = —l% - l% +2l1L +2l1+ 2L -1 A
B+B+PRDYYI+y) =B+L+0E+BE+EB+E A
B+ B+ BBy, =B85+ 15+ Bl A

X1 =X /\y%Zy% Ay =20 Ay =xp).
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